In this paper, an asymptotic method is ued to obtain a model of a nonlinear adaptive elastic plate. The plate is one of two geometric solids that can be used in unison to model the trabeculae of bone. The other is the rod. Modelling of the rod has received much attention [8] [12], but not the plate. The model for the plate mirrors what has been done for the rod. Asymptotic expansions are formulated for the displacement field and a rate equation governing the deposition and reabsorption of bone tissue. It is shown that both asymptotic expansions can be simplified and certain relationships can be derived from the force balance equation. Characterization of the first few terms of both asymptotic expansions is also presented.
Introduction
In the 1970s, Cowin and Hegedus proposed a mathematical model of bone deposition and reabsorption based on the theory of adaptive elasticity [5] [9] [12] . According to Wolff 's Law, bone is either deposited or reabsorbed according to the loading of the bone or the lack thereof. There are force balance equations for the domain Ω ε and for the total boundary Γ ε as well as a rate equation for the remodeling (deposition and reabsorption) of bone.
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From them arise two unknowns: the displacement u and the change in volume fraction φ of elastic bone material from some reference configuration. The two are coupled due to their presence together in the rate remodeling equation. The thickness ε 1 of the plate induces the use of asymptotic expansions for both the displacement u and the change in the volume fraction of elastic material φ.
Trabucho in his work with Viaño [12] had done an exhaustive characterization of linearly elastic rods. Then, later in a paper with Figueiredo [8] , he extended his study to rods with a remodeling rate equation that is nonlinear with respect to the strain tensor, while the stress tensor itself is still linear with respect to the strain. It is the objective of this paper to expand this inquiry to the elastic plate as well. Medical imaging techniques (e.g.-ultrasound and micro-computer tomography analysis) show that the trabeculae of healthy bone may be approximated by a mixture of rods and plates. This justifies the extension of the analysis to plates.
In the next section, there is a set-up of the problem with a description of the domain, notation used and equations describing elastostatics and the remodeling of bone. In the third section, the scaling of quantities is used to convert these equations from one domain, Ω ε , to the other, Ω. In the major section of this paper, the asymptotic expansions of the stress and strain tensors are formulated. Terms identified by different indices and powers of both the stress and strain tensors are given. Concurrently, simplification occurs by calculating stress and strain terms that are actually zero. Displacement terms, u 0 ij and u 2 ij , are also characterized; so, are the first few terms of the asymptotic expansion of the change in volume fraction of elastic bone material. Some relationships are derived from the force balance equation. The paper ends with a section on numerical computations with plots of the displacement and of the growth of the plate according to a remodeling rate equation derived earlier in the paper.
Set-up of the Problem
The domain in three dimensions is derived from a simple, closed, smooth curve γ in the x 1 x 2 plane, similar to that found in Ciarlet and Destuynder [4] (p. 319). The curve's interior is designated ω. This curve can be made into a plate with a thickness of 2ε which will be called Ω ε , or it can be made into a plate with a thickness of L which will be called Ω. Thus,
The boundary on the top and bottom of Ω ε is Γ ε + = ω×{ε} and Γ ε − = ω×{−ε}, respectively. For the top and bottom of Ω, there is Γ + = ω × {L} and Γ − = ω × {0}. It is assumed that the constant ε > 0 and ε is much smaller than the dimensions of ω. The plate is assumed to be clamped so that a displacement vector u vanishes on the lateral boundary.
Plate Models in Different Domains
The notation for subscripts is as follows: Latin indices take on values of {1,2,3} while Greek indices take on values of {1,2}. For repeated indices, the summation convention will be employed. There is a system of inertia associated with the coordinate system Ox where Γ ε is the boundary of the plate on the side and on the top and bottom,
and the clamping conditions of u ε = 0 apply on the lateral boundary Γ ε 0 . This is Hooke's Law for homogeneous, isotropic materials with σ ε ij (u ε ) as the linearized stress tensor and e ε ij (u ε ) as the linearized strain tensor. There is a variational formulation of this problem. One seeks to find a solution u ε = (u ε i ) such that
which makes the problem well-posed.The left side of the above equation is symmetric and continuous. The right side is continuous as well.
Finally, there is a rate equation for the deposition and reabsorption of bone:
where φ is the change in the volume fraction of elastic material from some reference configuration and A ε kl is a remodeling rate coefficient.
For the scaling of various elements in the equations, the basic relationship of functions in the reference domain, Ω, to the those in the other, Ω ε , comes from Ciarlet [3] 
where Γ ε + and Γ ε − represent the top and the bottom of the plate respectively. This leads to following equation which can be found in [3] (p. 29):
On the other hand, using tensor notation, one can also write:
where φ is the change in the volume fraction of the elastic material and c ε ijkl (φ ε ) is a modified elasticity coefficient. This leads to a remodeling rate
with A ε kl (φ ε ) as a remodeling rate coefficient. Due to symmetry about the Ox 3 axis,
and there is an elliptic condition that is satisfied:
The aforementioned scalings of various quantities will then be substituted into the remodeling rate equation;
A 3β e 3β (ε) + 1 ε 2 [A 33 e 33 (ε) + 4c 3α3β e 3β (ε)e 3α (ε) + c αβ33 e 33 (ε)e αβ (ε)] + 1 ε 4 c 3333 e 33 (ε)e 33 (ε)
Asymptotics
As in Trabucho and Viaño [12] , peturbation series for σ and u will be substituted into the equation of equilibrium (1):
This leads to the following expressions:
With these, the equation of equilbrium (1) now reads:
Setting like powers on the both sides of the above equation equal to each other gives:
:
Proof. Starting with equations (10) and (6), and letting v = u 0 ,
Proof. Starting with equations (11) and (7), and letting v = u 1 , (13):
To find out more about σ 
Since Ω (σ . Thus, σ n 33 is a constant with respect to x 3 . 0 = . Inserting this into equation (4) with p = 0,
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Since e 3β (u 0 ) = 0 = e 33 (u 0 ), the following ensues:
Due to a proof by Ciarlet [3] (p. 39) using the Lax-Milgram lemma, there is one and only one solution to the above equation. Now, one comes upon a major simplification of the terms in the asymptotic expansions of the displacement vector and of the stress tensor. , and σ −1 = 0
Now, Ω σ 
Noting that λ ≥ 0 and µ ≥ 0, one sees that e µµ (u 1 ) = 0 = e αβ (u 1 ) ⇒ ⇒ u 1 = 0 and e 33 (u
. Using this in equation (4) with p = 3 and setting v = u 3 , the integral σ 
⇒ e µµ (u 3 ) = 0 and e αβ (u
By replacing the superscripts on σ and u with odd exponents starting with some odd integer m ≥ −1 and using induction, one finds that positive odd powers of both u and σ are all zero.
Next, what can be characterized about u 2 is considered.
Proof. From Theorem 4, e 33 (u
This implies that u Other expressions with σ 0 αβ can be obtained from the force balance equation as follows:
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Proof. Let γ = γ(ξ 0 + P η (φ 0 )). In the ε 0 equation, one can set v = u 0 . Since e 
The two equations can be added together: 
with boundary conditions at χ = {0, L} given as:
From the above lemma, the first of the resulting equations is: 
with boundary conditions given at χ = {0, L} as:
Take the strong formulation to obtain the boundary value problem in the domain Ω.
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Proof. From the above lemma, the second of the resulting equations is:
Integrate by parts noting that v
Decompose each integral as follows:
with boundary conditions at χ = {0, L} given as: 0 = Γ + ∪Γ − ∂ 3 h 3 v 0 β (χ)dω Take the strong formulation to obtain the equation in the domain Ω. Proof. In the domain Ω ε , the time rate change in the volume fraction of elastic material is given by: The equation forφ ε now appears as: Furthermore, one can replace the strain tensors in Ω ε with their equivalents in Ω due to the scalings:
This results in: φ = a + A αβ e αβ + λe µµ e ρρ + 2µe αβ e αβ + 
on the left side and terms with coefficients of various powers of ε, starting with ε 4 , on the right. Equate like powers of ε to get the statement of the theorem.
Numerical Simulations
Numerical simulations were implemented upon an asymptotically thin plate, which, in combination with asymptotically thin rods, act as a microscopic basis for compact bone. Considering the rate remodeling equation derived earlier, values for the parameters in this equation come from [11] (p. 15-5), [1] (p. 358), [7] (pp. 272, 274). From physiological considerations, loading of the plates must occur along the boundary. Thus, it was decided that the flexural equations described below would be used as a model for computation. For the asymptotically thin plate, the flexural equations are attributed to Ciarlet [3] (pp. 35, 49):
Given u α = ζ α − x 3 ∂ α ζ 3 and u 3 = ζ 3 in Ω as well as body forces f i and surface forces g
Then, the flexural equations are:
where the domain is ω and the boundary γ = γ 0 + γ 1 ν α = the unit outward normal vector along γ ∂ ν θ = ν α ∂ α θ = the normal derivative of θ ∂ τ θ = τ α ∂ α θ = the tangential derivative of θ in the direction of the vector ν α and
The above equation in ω can be rewritten as:
In the simulations, two models are considered. One model has γ 0 equal to the four corners of a square plate; the other model has γ 0 equal to a pair of opposite sides of a square plate. Thus, the first model has the boundary condition of the plate clamped or attached at the corners. The second model has the boundary condition of the plate clamped along one direction. For the quantity p 3 , f 3 is used as the only non-zero body force. g 
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the only non-zero surface forces. These forces are set as constants, so as to simplify the input of forces for a simple comparison of different cases. In the plots following this discussion, the results were obtained using g
In the remodeling rate equation, there is a scalar a that is independent of the strain tensor and is suggested in [9] (p. 343) and [7] (p. 274) to be:
The constants C i have units of sec −1 . φ was originally the change in the volume fraction of solid bone in the porous bone matrix. Here, it is used as the change from a reference bone mass of one in solid cortical bone. When φ > 0, there is bone growth. When φ < 0, there is bone loss. According to NASA, for the case of weightlessness, there should be an average of 2% of bone mass loss per month [2] . So, at weightlessness, the absence of forces leads to an absence of strain tensors and the rate remodeling equation simplifies to the constant a. Since φ would equal zero, a would be 3.09 ×10 −9 sec −1 . Multiply this by 2,592,000 sec/month implies that there is a net growth at weightlessness, which is unacceptable. Thus, all three terms of a were multiplied by a negative constant in order to be consistant with NASA data at weightlessness. However, there is a drawback to this approach. For cases of relatively small forces, in the absence of enough strain in certain areas of the domain, bone loss can occur while there is overwhelmingly bone growth in the vast majority of the domain. Increasing the load will lead to no net loss in areas of the smallest strain, but perhaps to unrealistically large growth in areas of the domain with the greatest strain. This can be easily seen with the one-dimensional domain of the asymptotically thin rod where the strain e 33 is the only strain to appear in the remodeling rate equation [8] (p. 11). This is not so easy to see with the two-dimensional domain of the asymptotically thin plate where the strains e 11 , e 22 and e 12 all play a role in the remodeling rate equation. This suggests that the general form for a should be modified to take into account the geometry of the plate material. It was decided to multiply the terms with φ by 5x 2 y 2 when the plate is attached at the corners, and by 5(1−x 2 y 2 ) when the plate is clamped along one direction. This compensates for places of the least amount of growth in the domain by minimizing the possibility of bone loss when a reasonable amount of force is applied along the boundary as is the case with flexural equations. Only the terms with φ are multiplied by these functions, so that in the absence of any change in the relative bone mass, or volume when considering constant density, there is a uniform bone loss throughout the domain.
In the case of the elastic plate, the Poisson ratio ν 13 and the Young's modulus E 1 are used from the orthotropic case [1] (p. 358). One must consider along which axis is the greatest contraction, or expansion, and use this when choosing the Young's modulus, and subsequently the Poisson ratio. From this data, values of the Lamé constants are derived for the plate. For the sake of simplicity, these constants were used throughout the calculations as if this was an isotropic case.
In simulations of the plate, harmonic polynomial expansions were initially used with the Symbolic Math Toolbox in Matlab. Solutions of the biharmonic equation include polynomials of the form z n and |z| 2 · z n , where z = x + iy, since z n is an analytic function whose real and imaginary parts are harmonic as long as they have continuous second partial derivatives. However, the computation was slow, and spectral methods were employed due to their speed as well as better detail and symmetry in the plots, not to mention the accuracy obtained [13] .
In the following figures, the boundary conditions were in the form of flexural equations in which part of the boundary was clamped. Figure 2 shows the displacement of an elastic square plate attached at the corners; Figure 3 is the associated bone growth. Figure 4 shows the displacement of an elastic plate clamped along one direction; Figure 5 is the associated bone growth. One may conclude that bone growth occurs according to the remodeling rate equation at areas of the greatest combined strain. 
